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Abstract
We study the interface between Regge behavior and DGLAP evolution in different
non-perturbative models for the nucleon structure function. These models provide inputs
for the subsequent DGLAP evolution that we calculate numerically. It turns out that the
softer input gives a better fit to the experimental data.
PACS: 13.60.Hb, 13.60.Fz, 11.55.Jy.
1 Introduction
There is an increasing consensus on that nucleon structure functions (SF) at small virtualities
Q2 are Regge behaved and that at large Q2 they follow QCD evolution [1]. The two regimes are
incompatible because the evolution, in general, changes the functional form of any Regge behav-
ior (Regge models compatible with QCD evolution in a limited range of Q2 will be mentioned
below). What remains completely unclear is the border between the two.
Formally, by assuming that deep inelastic or virtual forward Compton scattering is governed
by the same singularity as elastic hadron scattering, the upper limit in Q2 for Regge behavior
to hold is set on by the condition that the cosine of the t-channel scattering angle, cos t is






where x is the Bjorken scaling variable (proton’s momentum fraction carried by a parton), Q2
is photon’s virtuality and mp is the proton mass. This is a fairly wide interval, leaving much
room for both the Regge approach and QCD evolution [2].
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Phenomenologically, the Regge pole approach to deep inelastic scattering implies that
the structure functions are sums of powers in x, modulus logarithmic terms, each with a
Q2−dependent residue factor. The rapid rise in Q2 of the structure functions, observed at
HERA, initially was considered as a sign of departure from the standard Regge behavior. The
reason was that the data, when tted by a single \Regge-pomeron" term  x−, where  is the
pomeron intercept minus one, show that  = d
d ln 1=x
ln F2(x; Q
2) denitely rises with Q2. If so,
Regge factorisation should be broken, since the \eective" pomeron trajectory appears to be
Q2−dependent.
The above categoric conclusion was however based on a parametrisation of the SF by a sin-
gle pomeron term, e.g.  x−. It is evident, that additional, decreasing (\subleading") terms,
typical of any Regge pole model, will modify the properties of the leading one (pomeron). More-
over, by increasing the number of the free parameters and with complicated residue functions
one may t the data for arbitrarily large values of Q2 in a factorised form, without introducing
any Q2−dependent trajectory, although it makes little sense to reach good 2 at any rate with
an indenite number of free parameters introduced without any physical justication.
The (in)dependence of the Regge behavior (trajectory) from the external masses (virtuali-
ties) comes from the following arguments. The Regge asymptotic behavior





where (t) is the signature factor, (t; Q2) is the residue function, (t) is the Regge trajectory
and s; t are the Mandelstam variables, comes from a Sommerfeld-Watson transform over the
partial-wave amplitude (see for example [3])
a(l; t; Q2) =
(t; Q2)
l − (t) : (3)
By Regge factorisation, Q2−dependence can be introduced in the residuae, but not in the
trajectory. There is however a subtle point: the scaling factor s0 for o-mass shell reactions
can also acquire some Q2−dependence, s0 ! s0(Q2). In the case of a linear trajectory and for
an exponential residue (t)  ebt this is irrelevant, since the two free parameters - b and s0
(both Q2−dependent) - are correlated and thus indistinguishable. This is not the case when the
trajectory is non-linear, in which case the Regge propagator becomes Q2−dependent and/or
the residue becomes a function of the trajectory. This last statement is typical of dual models
and it is crucial for the diraction dip, but not for the evaluation of F2(x; Q
2), where t = 0.
In this paper we are mainly interested in the small-x or high-energy behavior of the structure
functions and photon-proton total cross sections, therefore we concentrate on the pomeron (in
terms of the Regge pole model) or singlet component of the SF, although, clearly, good ts
and the evolution equation require the whole kinematical region in x to be properly covered.
Models for the pomeron, or singlet SF, and non leading contributions, or non-singlet SF, will
be presented in Secs. 2 and 3.
Even though the role of the QCD evolution was studied in a great number of papers (see
e.g. [4] and references therein) the border and the interface between the non-perturbative
Regge dynamics and perturbative QCD evolution is still determined merely by trial and error.
Depending on the scope of the study, one may prefer either approximate solutions [5, 6, 7] of the
DGLAP equation [8] or computer calculations, for which purpose ecient numerical solutions
and relevant computer codes are available [9].
2
Explicit analytical solutions are attractive for their simplicity and physical transparency. In
paper [5], for example, the transition due to the evolution from a logarithmic rise in x (dipole
model) to a power-like was shown explicitly by means of an approximate solution of the DGLAP
equation.
Of particular interest are self-consistent solutions of the DGLAP evolution equations [6], i.e.
those whose functional form does not change under the evolution. The product of logarithms
(in x and in Q2) proved to be particularly stable. In ref. [7] this stability for the calculated
Q2−dependent coecients, appearing in front of the factors logarithmic in x, was checked
experimentally. The stability of the combination of the logarithms
F2(x; Q







was noticed also by Buchmu¨ller and Haidt [10] from a phenomenological analyses of the data;




Aiming at an unbiased extraction of the Q2−dependent factors appearing in the structure
functions, the authors in [11] have tted them for a number of dierent models of the pomeron,
each appended by subleading terms as well as a large-x factor. The numerical values of the
tted coecients for a large number of xed values of Q2 (Figs. 1, 2, 3 in [11], see also Fig. 1
in ref. [2]) can be used as \experimental values", independent of any evolution scheme.
The aim of this paper is a pragmatic one: we check the onset of QCD evolution for two
popular models for the small-x SF. These models contain a small (minimal in our opinion)
number of free parameters, still they are feasible and, supplemented by an evolution scheme,
may have numerous applications.
In the present paper the evolution is calculated numerically by means of the codes developed
and published by Miyama and Kumano [9].
2 The CKMT model
We test two models for the small-x non-perturbative input, valid at small and intermediate
values of Q2. It will be convenient, to label them as the CKMT [12] and the Multipole pomeron
models [1, 2, 7, 13, 14, 15, 16]. While close numerically, they dier conceptually.
In the CKMT model [12, 17] the pomeron trajectory is Q2−dependent; the Q2−dependence
was introduced in [12] to cope with the observed rise in Q2 of the small-x SF, as explained at
the beginning of this paper. To accelerate the eect, the authors [12, 17] have appended it with
some QCD evolution.
In the second class of models the Q2−dependence enters in a factorised form, i.e. in the
residuae functions only, leaving the trajectory Q2−independent. We complete these models by
adding a large-x factor, necessary for the integration in the DGLAP equation.
Both non-perturbative inputs are written as sums of singlet and non-singlet terms:
F2(x; Q
2) = FS(x; Q
2) + FNS(x; Q
2): (5)
We use the same non-singlet term for both models, taking it from ref. [12] as
FNS(x; Q

















where, contrary to the original paper [12], we disregard the dierence between the light quarks.
The singlet component in the CKMT model [12] is
FS(x; Q













where, following ref. [12], we assume that the only dierence between the sea-quark and gluon
distributions is in their x ! 1 behavior:
xg(x; Q2) = Gxq(x; Q2)=(1− x): (10)
For a detailed discussion of the CKMT model we address the reader to the original paper
[12].
The real photon-proton total cross-section has the following form:
totγp (W
2) = 42EM 
(
A  a−1−∆0  (W 21 )∆0 + D  d−R  (W 21 )R−1
)
; (11)
where W 21 = W
2 −m2p.
Let us remind only that the rise of the small-x SF and of the high-energy cross sections here
is achieved due the pomeron intercept, which is larger that one and is increasing with Q2.
The parameters of (5)-(9), (11) were determined from a joint t of totγp and SF in the range
of 0:045GeV 2  Q2  5GeV 2. The resulting ts are shown in Figs. 1, 2; the updated values of
the tted parameters are quoted in Table 1.












Table 1: Parameters of the CKMT model.
As already mentioned, we chose the starting point for the QCD evolution in such a way as
to have best ts with the smallest number of the free parameters. By trial we found that the
bigger value of Q20 is preferable, therefore we xed it at 7GeV






















Figure 1: Total γp cross-section versus W in the CKMT (blue line) and MP (red line) models.
Fig. 3 shows the extrapolation of the Q2−dependent \soft" Regge input as well as the
results of our numerical calculations of the DGLAP equation by means of the NLO brute-force
method developed by Miyama and Kumano in ref. [9] - extended to the high values of Q2 [18].
Although we are primarily interested in the small-x behavior, large-x data, including those
from xed-target experiments [18] were also taken into account since they can influence the
small-x behavior through integration in the evolution equation.
The initial singlet-quark distribution, eq. (8) evaluated at Q20, and an initial gluon distri-
bution in the nucleon should be supplied for the evolution. While a global analysis of deep
inelastic and related hard scattering data (see, for example, [20, 21]) could provide the neces-
sary input, we prefer the simpler solution shown in eq. (10). The parameter G has been xed
in the t, G = 7:0, in agreement with the estimate of the second paper in [4].
3 Multipole pomeron model
Now we proceed to a similar analysis but with a unit intercept Multipole pomeron, rather
than a supercritical one as in the CKMT case [12] (see above). Here Multipole pomeron (MP)
means that the pomeron is a multipole instead of just a simple pole. The advantages of this
approach, both for hadron-hadron and for lepton-hadron scattering, were tested and discussed
in numerous papers on that subject (see [1, 2, 7, 13, 14, 15, 16] and references therein). The
main point is that rising cross sections (and rising SF) can be produced with a unit pomeron
intercept, i.e. without violating the unitarity bound of Martin-Froissart. The number and
the relative weight of the contributing multipoles is a very important question. In QCD it
was studied in ref. [19]. The conclusion of both the theory [19] and phenomenology is that a
limited (moreover, small!) number of multipoles is sucient in the present energy (or x; Q2)
range. In fact, a dipole (logarithmic rise), eventually with a minor tripole contribution (squared














































































Figure 2: Fit of F2 for the smallest available values of Q2 up to 5 GeV 2. The blue dashed curve
corresponds to the CKMT model (5)-(9). The red curve displays the fit for the MP model (5)-(7),
(12).
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Figure 3: Results for the evolution of F2. The blue dashed curve corresponds to the evolution
with the CKMT model as input, (5)-(10). The red curve displays the evolution calculation from the
MP model (5)-(7), (10), (12).
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The dipole (and tripole) pomeron are typically \soft" objects. For the total cross sections
they give ts close to those of a \soft" supercritical, i.e. with (0)  1:08, pomeron. However,
with an extra variable { t in hadron-hadron processes or Q2 in lepton-hadron reactions { the
dierences become essential. The result of the analysis below, including QCD evolution, makes
this comparison more complete.
The singlet component of the SF, corresponding to a multipole (single+double+triple)






























and the analogous expression for totγp
totγp (W







 log(W 21 ) +
C
c
 log2(W 21 ) + D  d−R  (W 21 )R−1
)
: (13)
Similar to the previous case of the CKMT model, we introduce a \large-x" factor, propor-
tional to (1−x)n+4, \counting" the gluons. The singlet term contains one more free parameters
as in the CKMT model, discussed above.
With the same non-singlet term added, as before, FNS , eqs. (6), (7), we perform ts to the
same set of the experimental data as in the previous case of the CKMT model using eqs. (12),
(13). The resulting ts are shown in Figs. 1, 2, 3, where red curves for the non-perturbative
input and the numerical calculations of the QCD evolution, starting from the same values
Q20 = 7GeV
2 are presented. The values of the tted parameters and of 2 are quoted in Table
2. As seen (by eye) from the gures and by comparing the relevant values of the 2, the second
version, that of multipoles is slightly preferable.













Table 2: Parameters of the MP model.
4 Local slopes
The slopes of the proton structure function give valuable information concerning the behavior
of the gluon distribution and the eective pomeron intercept. For this purpose we consider the
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2) = − x
2x
[
F2 (x + x; Q











2). Representatively we consider the rst two observables in the frame-
work of the aforesaid models. The calculated slopes for both models are in a good agreement
between each other as well as with the experimental data. As seen from Fig. 4, the interval
where the Bx(x; Q
2
fix) slope doesn’t depend on x grows with the increase of Q
2 (in this interval,
the slope has been frequently identied with the intercept of an eective pomeron).
The slope BQ, sometimes referred as the \Caldwell plot", is shown in Fig. 5, both for
CKMT and MP models.
5 Conclusion
We show that the world’s data on F2, down to Q
2 = 0, are reasonably well described within
the two Regge models we have considered. Both models succeed in reproducing the data for
all x and a large Q2 interval, until Q2  7 GeV 2, whereupon DGLAP equations must be used
in order to describe correctly the Q2 evolution.
The comparison between the CKMT and MP models prove that the second one gives a
better 2. Since the MP model has also the virtue of satisfying the Froissart bound, we nd it
to be a reasonable choice for the non-perturbative input, at Q20  7 GeV 2, subject of subsequent
DGLAP evolution. The fulllment of the unitarity bound becomes crucial for a model that is
assumed to hold for all values of the Bjorken variable, x.
To summarize, we nd that the model described in eq. (12), for singlet SF, supplemented by
a non-singlet component as in eq. (6), together with the DGLAP evolution, provides a simple
and economic solution that could be useful for further practical applications, for example in
nuclear physics.
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Figure 4: Calculated slope Bx(x;Q2) plotted as a function of x for fixed Q2 compared with the latest
H1 data [18] (solid points) and [22] (open points). The blue dotted curve corresponds to the CKMT
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Figure 5: Results for the slope BQ(x;Q2) plotted as a function of x for fixed Q2 compared with the
latest H1 data [18]. The blue dotted curve corresponds to the CKMT model, while the red curve
shows the result for the MP model.
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